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Influence of Draining and Excluded Volume on the Translational
Diffusion Coefficient of Flexible Polymers

Jack F. Douglas and Karl F. Freed*

The James Franck Institute and the Department of Chemistry, The University of Chicago,
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ABSTRACT: The mean translational diffusion coefficient for linear flexible polymers at infinite dilution
is calculated with the two-parameter model, the Kirkwood approximation, and the renormalization group
(RG) method. Calculations are performed to first order in ¢ = 4 - d, where d is the spatial dimensionality,
and describe the variation of the diffusion coefficient with draining and excluded volume. In the absence
of RG calculations for the intrinsic viscosity, we investigate the qualitative effects of draining on the intrinsic
viscosity by using the Weill-des Cloizeaux relation (a,® ~ agas?) in conjunction with the RG calculations for
ay and ag. The theory indicates that the commonly observed nonuniversality between the hydrodynamic
(er, and o) and static (o) expansion factor is likely due to the draining effect. As a consequence we conclude
that the effect of draining may be quite substantial in good solvents even for very long polymers, and draining
effects should be more carefully investigated theoretically and experimentally.

I. Introduction

The diffusion coefficient is widely used to characterize
the molecular configuration of polymers at infinite dilution.
Dynamical quantities such as the diffusion coefficient and
intrinsic viscosity have the advantages that they may be
messured easily and accurately. The disadvantage is that
there is still no adequate theory to describe the hydrody-
namic properties of long flexible linear polymers even in
© solvents at infinite dilution. There are, however, mod-
erately accurate approximate theories for unperturbed
chains such as the Zimm theory and its modifications!™
that are applicable to very long chains under the preav-
eraging approximation. It would be desirable to have
theories of similar accuracy that describe at least quali-
tatively the excluded volume and draining effects on dy-
namical properties.

Kirkwood* gives an approximate expression for the
translational diffusion coefficient D of a linear flexible
polymer at infinite dilution in the limit of zero shear rate
as the simple equilibrium average

D = (kgT/n[1 + (/6T L(RyM] - (11)
i

where { is the friction coefficient of a monomer that is
treated as a point-like friction source, n is the number of
Kuhn units of length [, 5, is the solvent viscosity, and kgT
is the absolute temperature in energy units.

By using the Fourier representation® of [R;|™ we es-
tablish a connection between the double-sum term in (1.1)
and the internal scattering function S{k) whose excluded
volume dependence is available from the work of Ohta et
al® Their S(k), which is obtained by renormalization group
(RG) methods, is then used to calculate (1.1) directly in
the crossover regime. RG ideas are also used to analytically
continue the results to describe the dependence of D upon
draining. The investigation of these draining effects is one
of the main purposes of this paper.

There are two approaches to evaluating (1.1) using the
renormalization group (RG) method. The explicit average
Yi=j{|R;I™) can be calculated by exploiting its relation,
mentioned above, to the internal scattering function.

Alternatively, this average can be determined by analyt-
ically continuing the Oseen tensor via the Navier-Stokes
equation in d dimensions and by evaluating the average
of the d-space Oseen tensor again using the d-djmensional
S(k). An exact calculation for d = 3 must give the same
result in both cases; however, approximate calculations
differ between the two methods since the RG method
employs the quantity ¢ = 4 - d as a perturbative parameter
and since the perturbation expansion is truncated to finite
order. This leads to differences between the two equally
acceptable approaches.’

The dynamical RG method,? applied by Kawasaki and
Shiwa® and Oono and Kohmoto,!? uses the d-space Oseen
tensor and has the advantage that the corrections to
preaveraging may be described when the calculation is
performed to second or higher order in e. However, the
calculations to date are only correct to first order in e,
although parts of the second-order contributions are in-
cluded in the final expressions which are compared to
experiment.®® If remains to be determined how important
are the contributions from the currently unknown sec-
ond-order portions of the renormalization constants.
However, Oono suggests on the basis of these calculations
that the effect of preaveraging for the intrinsic viscosity
is qualitatively similar to the results obtained by Zimm?
and Garcia de la Torre.!® It is notable that Oono and
Kohmoto find no preaveraging error for the hydrodynamic
radius, while Zimm and Garcia de la Torre observe it to
have a preaveraging error (see Appendix B) even larger
than that for, the intrinsic viscosity. Perhaps a full sec-
ond-order RG calculation may remove this discrepancy
over the magnitude of the preaveraging approximation of
the long-time diffusion coefficient using the Kirkwood
equation (1.1).

We use the first method based on the |R;]|™ for all d
because it is much simpler to apply, and only a first-order
RG calculation is then required. Preaveraging approxi-
mations have been very useful in treating Gaussian chains,
so their investigation with the rigorous RG methods probe
their utility for describing polymer dynamics with excluded
volume. We find here that the preaveraging RG approach
in the poor and good solvent limits, respectively, produces
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results that are very similar to those obtained formerly
from the two-parameter and blob models. For instance,
in the limit of a non-free-draining Gaussian chain the
classical expression for D given in Yamakawa? is obtained
for d = 3. On the other hand, the relation between the
classical expression for D and the dynamical RG result of
Oono and Kohmoto!? for a non-free-draining Gaussian
chain is currently not evident. There is, thus, ample reason
for pursuing both kinds of RG methods since each ap-
proximation has its own merits.

In section II the model is briefly described. An RG
expression for the hydrodynamic radius is derived in
section III, and RG ideas are used to incorporate draining
effects in addition to the full excluded volume dependence.
The ratio Rg/Ry, where R is the radius of gyration, is
given in section IV, and a factor is introduced to correct
Ry for the preaveraging approximation and to bring this
ratio into accord with experiment. Draining effects on the
intrinsic viscosity expansion factor are considered using
the Weill-des Cloizeaux approximation.!* Section VI de-
scribes the relation between the draining parameter and
the hydrodynamic radius. Also we discuss theoretically
the constancy of the product aﬂh* observed by Osaki et
al.1% Section VII gives a comparison between theory and
experiment.

Elsewherel® the intrinsic viscosity and hydrodynamic
expansion factors are derived under nondraining conditions
in the preaveraging approximation without the use of the
Weill-des Cloizeaux approximation. These results show
the Weill-des Cloizeaux approximation to be about 10%
in error, compared with Oono’s!® recent estimate of 5%.
An error of similar magnitude is suggested to arise from
the first-order e-expansion procedure. The combination
of the e¢-expanded expressions for ay and ag and the
Weill-des Cloizeaux relation leads to an accurate (within
4% in the nondraining limit) expression for a,® due, in
part, to some cancellation of errors. In section VIII the
effect of draining is discussed qualitatively.

It is often presumed that the draining effect in long
flexible macromolecules is negligible. Substantial evidence
exists that long chains in the © state®'” and near-O state
are nondraining, but deviations have been observed in good
solvents.'’™'® In the past this last regime has been neglected
since there had been no theory capable of describing it.

The most obvious physical implication of the RG theory
for dynamical quantities (either the version of Oono and
Kohmoto!® or ours) is that the existence of nondraining
requires the proportionality of ay, «,, and ag for long
polymers in a good solvent. In the classical experimental
studies of Fujita et al.!? and Noda et al.20?! this relation
is observed and the proportionality constants are in good
agreement with our nondraining theoretical expressions
given in section VII. On the other hand, we find data that
indicates the absence of a simple proportionality between
these expansion factors in good solvents.?® In some cases
the departure is dramatic.1718

Recently, a simplistic explanation of this widely observed
phenomenon has been given by Weill and des Cloizeaux,*
who argue, using the blob model, that the effect is due to
a “gspatial crossover” Accordlng to our RG calculations
the blob model is 1ncapab1e of adequately describing the
crossover regime!® and should not be considered for this
purpose. Further our RG calculations indicate that the
sometimes observed nonuniversal relation between the
static and hydrodynamic expansion factors is probably due
to draining.

II. Model
The same model is used for the excluded volume in-
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teraction as in the two-parameter (TP) theory.? The chain
backbone is taken to be Gaussian, and the excluded volume
is represented in terms of an idealized é-function repulsive
interaction. Such a model is restricted to the calculation
of long-wavelength properties, where the detailed nature
of the interaction potential is unimportant. Most TP
calculations begin with a discrete bead-type model but
ultimately pass to a continuum limit by replacing sums by
integrals. We prefer to begin with a continuous version
of the model. The model Hamiltonian of the configura-
tional partition function is written as??

7{a(R No T)
kBT 2hf
7 f dr f d+ S[R(r) - R(#)],

where R(7) designates the spatial position vector at a
contour length 7 along the chain, N is the model variable
corresponding to the chain length, a is a cutoff that pre-
vents the self-interaction of the segments, kg7 is the ab-
solute temperature in energy units, and d is the dimen-
sionality of space, which is treated as a continuous variable,
d e (2,4).

It is convenient to rewrite eq 2.1 for computational
simplicity as®

Fe) 1 pN
kgT z.ﬂ dr

Mw]?hﬂﬁdﬂ—dﬂm

lr—7|2a (21)

de(r)]?

Ir-7|2a (22)

where the configurational coordinate and “bare excluded
volume” are redefined as

e(r) = (d/HYVR(r)
= (Bo/1)(d/1)/?
Uy = D'o/(Zﬂ')z (2.38.)

Using dimensional analysis, we introduce a dimensionless
coupling constant u,

Vg = qu"/2 (2-3b)

where A is treated as a phenomenological scale charac-
terizing some range of the excluded volume interaction
along the chain.!®

The actual polymer chain differs enormously from the
model (2.1) over short length scales. The real chain is
composed of molecular units with fixed bond lengths and
is characterized by hindered rotations and complicated
solvent-mediated interactions. The TP model, on the other
hand, describes a continuous chain of zero thickness with
a weakly repulsive §-function interaction. It is quite clear
that such a model is inadequate for the description of
small-scale properties, but if we confine our attention to
very large-scale properties, such as the radius of gyration,
then the detailed nature of the small-scale interactions can
be expected to be unimportant. We must, however, ex-
ercise some caution when using this model for properties
that are more sensitive to shorter scales.

One strong motivation for the introduction of the RG
methods is that the ordinary analytic version of the TP
theory is an asymptotic expansion in voNo/? with ¢ = 4 -
d, and this expansion is of limited usefulness without
modification. Lattice versions of the theory appear to be
accurate, but it is desirable to obtain an analytic theory
that is free of numerical uncertainties. The desired goal
is to obtain an analytic theory starting with the well-known
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TP model (without introducing any unwarranted as-
sumptions) that accurately describes large-scale polymer
properties even when the strength of the excluded volume
interaction is large. The RG is a method to systematically
resum the asymptotic expansion in v,N/? based on an
analysis of the analytic structure of large-scale polymer
properties as a function of vy, Ny, and d.

The resummation of the asymptotic TP theory is
brought about by reparameterizing the theory in con-
junction with a general scaling analysis. Part of this
procedure involves the introduction of multiplicative re-
normalization constants Z, which are defined to absorb
divergences that arise when taking the sequence of limits
a— 0 and ¢ — 0 [see (2.2)]. Thus for any generic property,
we have the relation between a bare unrenormalized
quantity Ag and its renormalized analogue A

A= ZAilAB

Zy=1+ Xau" (2.4)
n=]1

The variable u is a small dimensionless expansion param-

eter which is defined through the “renormalization” of the

dimensionless coupling constant u, [see (2.3b)]

Uy = Zuu
v = uA? (2.5)

where u = /(27)? in analogy with (2.3a). A detailed de-
scription of the computational procedure and a heuristic
discussion are given by Kholodenko and Freed.?

The model of hydrodynamic interaction is also an
idealized one and therefore restricted to the description
of large-scale properties. The polymer is considered to be
a collection of beads with point sources of friction, con-
nected by elastic entropic “springs”, and the solvent is
treated as a continuous fluid. The hydrodynamic inter-
action between the polymer segments is described by the
Oseen tensor.®® The Kirkwood approximation for D (the
long-time diffusion coefficient at infinite dilution) intro-
duces a preaveraging of the Oseen tensor to simplify its
determination.

We do not discuss the full machinery of the chain con-
formational space RG method since the point of departure
for our calculation is the already renormalized static-co-
herent-scattering function S(k) given by Oono et al.® The
derivation of the diffusion coefficient from (1.1) simply
requires an extension of their calculation, so a description
of the RG approach is unnecessary.

III. Kirkwood’s Approximation Translational
Diffusion Coefficient for a Linear Polymer and
RG Analytic Continuation To Include Draining
Dependence

Many workers have defined the dynamical radius by the
expression

Ryt = =S (R (3.1)

neij

i
where (...) denotes an equilibrium average. We could
proceed to evaluate (3.1) directly for the physically per-
tinent situation of d = 3. However, it is useful to utilize
the RG method in d space along with expansions in e =
4 — d. This approach aids us in performing the analytic
continuation to generate expressions valid in the crossover
domain between the good and poor solvent limits. A
subsequent analytic continuation in subsection B below
introduces the additional variation with the draining pa-

rameter.

Macromolecules, Vol. 17, No. 11, 1984

We begin with the expression for the Fourier repre-
sentation of [r|™ in d space

f e[ exp(iker) dr = F(k) = (2x'/2/k)*IT[(d - 1) /2]
(3.2)

where d > 1. The units of (2.3a) define ¢; = (d/})'/*R;;.
Then (3.1) may be written in a discrete notation as

RD_I =
d

1/2
(7) (zJ f d%k expl-ik-(c; ~ c)]F(k) /(2m)n?) (3.3)

i]

where [ is the Kuhn length of a statistical segment and N
= nl is the renormalized chain length. Passing to the
continuous limit, the sums in (3.3) become integrals, and
(3.3) is converted to

4[4\ No o oNo
RD1-(7) fddkfo drj; dv x
(explik-[e(r) — e(+)]}) F(k) / (27)¢,

From the definition of the static-coherent-scattering
function Sg(k,No,0o) in (3.6) below, Ry~ may be written
in the form

lr = 7|2 a (3.4)

. d )1/2 ®

Ryt = (ﬁ {rid - 1)/2]/F(d/2)}j; J(B.N,v,A)
(3.5)

where Sp is defined by?®

N, N
Sp(k,Nowo,a) = j; dr j; ‘ar (explik-[e(r) - e(+)]})
(3.6)
and J is the normalized scattering function

J(k,N,v,A) = Sp(k,Ny,00,a) /Sa(0,Noyve,a) =
S(k,N,v,A) /S(O,N,0,A) (3.7)

Here, Sg is the bare (unrenormalized) static-coherent-
scattering function, while S is the renormalized quantity.
Their explicit form is described in ref 6. It is only nec-
essary to quote the renormalized S to first order® in ¢ =
4-d

S(k,N,u,A) = N¥Sy(B) - u[$(8) In 27N /A) + D(B)]
(3.8a)

where Sy(8), £(8), and D(B) are given by
So(B) =B+ 8%eF-1), S40)=1Y% (3.8b)
§B) = Blef+ FHe? - 1), 80) = -% (3.8¢)

D@ = QJ;Idt {e’ﬁA(ﬁ - Bt + 4t + (87 -

— - 2
oA o gry - LT SR T B )1} .

B2(1 - t)

! 1 exp(-Bt + Bt?) - 1 )
j; [ B0 & ] SoTenAw -

BlePlAB) + 1], D(0) = -% (3.8d)

Ax) = J; “dt (et~ 1) /¢ (3.8¢)

B = Nk2/2 (3.8f)
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A. Renormalization Group Approximation for D
in Preaveraging Approximation. Equations 3.5 and 3.7
and the definition of Kirkwood’s equation (1.1) provide
the expression for D in terms of the d-space scattering
function as

D=
kgT (d)l/z t TIid-1y/2] QN2 (n)z
W *\7) 3em, T@/22n Sk=0\N) *

.j; "S(.N.uA) dk (3.9)

The integral in (3.9) with (3.8) gives a triple integral which
is nontrivial to evaluate. This integral I = (n/N)2f§S-
(k,N,u,L) dk is explicitly calculated in Appendix A to
obtain to order ¢

I = Qrn/DY%2n/3){1 + u[(1/2) In @=N/A) + K,]}
(3.10)

where

s\[ 1363172 - 349 1 1496
={-= —_— ==
K, ( 4){[ 72 24 |7 315

(14 + !192 In 2)} (3.11)

K, = 2.108

Equation 3.8 gives in the £ = 0 limit (& = |k|)
SONu,A)/N? = (1/2){1 + uln (2xN/A) + 1] (38.11b)
Substituting (3.10) and (3.11) into (3.9) transforms the
latter into

D=

. 28(2dn)1/2 T[(d - 1) /2]
ke T/n) 1+ T " T@/2)

O(N,u,A)

(3.12a)

where to first order in ¢ we obtain

O(Nu,A) =
1-u[(1/2) In 2xN/A) + (1 - K,)] + O@u?) (3.12b)

The renormalization group arguments for the dynamical
radius in the preaveraging approximation are identical with
those given for {R?) by Oono and Freed® and Kholodenko
and Freed? so they are not repeated here. We merely
quote the results in first order

Rpt = [N - @)4)'3f(9) (3.13)
where
¢ = 2rN /A1 - g)t+/8
a=u/u¥ u=u*/(1+9 u*=¢/8 (3.14)

The variable { describes the crossover between the
Gaussian and self-avoiding walk (SAW) regimes and is
treated as a phenomenological variable to be determined
by comparison with experiment. The scaling function f({)
is computed by relating (3.13) and (3.12). In section VII
this ¢ variable is transformed to one akin to the empirical
z parameter of the TP theory, thereby enabling the con-
version of our {-representation crossover predictions to a
form more familiar to experimentalists.

Substituting the first-order definition of u from (3.14)
into (3.12b) gives
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O(Nu,A) =

€ $ 1 2N
1- (I_H')[_ln (T)+(1—K¢)]+@(62)
(3.15)

The result of the RG analysis is rather straightforward in
this case. It merely indicates that (3.15) is to be analyt-
ically continued to

O(Nu,A) =
9xN \ -/ 101/1+5) ¢
(T) [1 + (K l)g -1——+—?_ + O(e?)
(3.16)

Thus, D may be written to order ¢ using (3.12) and (3.16)

021

28(2dn)Y/2T'[(d - 1)/2](2,,N)-[2v<r)—11/2 -
9rniT(d/2) A L+ (K, -

1)§ 1—45:_;] + 0} (3.17a)

where 2v(¢) — 1 = €/8(1 + {) + O(¢). This result may be
improved by using the second-order expression for 2v(¢)
- 1, which is given by Kholodenko and Freed? as

() -1=
€ § (27rN)‘(‘/4)[1/(1+m 15( € )2 §
8+ oo+ f\ A A CIATT:
(3.17b)
and which may be approximately written
e & 15 ¢ Y
2v(¢) - 8 T+¢ : + — (8) (1 "y g_) (3.17¢)

A full second-order RG preaveraging calculation would
yield additional prefactor terms® in (¢/8)%¢%/(1 + ¢)? and
(¢/8)%/(1 + ¢), but these coefficients are presently un-
known. We obtain an approximate second-order expres-
sion by using the second-order exponent in (3.17) and by
hoping the second-order contributions are relatively smail*
as they are for (R?). This modification is essential since
the first-order prediction for 2v — 1 is in very poor agree-
ment with experiment, and it would be pointless to try to
compare the first-order expression with experiment in good
solvents.

B. Excluded Volume Dependence of Draining Ef-
fect. The RG method generally utilizes an e-expansion
of the d-dependent terms d'/’T'[(d — 1)/2]/T(d/2). Per-
forming this e-expansion yields

T[(d - 1)/2]d?/T(d /2) =
721+ (In 2 - 5/8)c + O(¢?)] (3.18)

so insertion of (3.18) and (3.15) into (3.17) provides the
alternative O(¢) expression for D

D-kBT + +(n2-5/8
—7?—(1 11+ (n —/)61+£—

_e_( £ )( § )ln 21rN)+
16\ 1+ ¢ 1+¢ A

i) oo

8\ 1+¢ +¢
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where £ is related to the draining parameter A* through

£ = 28©2wn)Y2 /97y, = (4n/3)(2/3)/%h,  h = h*nl/2
(3.20)

From the definition of the hydrodynamic radius
D= kBT/GWﬂsRH (321)

it is expected that Ry ~ N* and D ~ N for N large,
where « is an effective exponent that depends on both the
draining strength and the excluded volume interaction.
The only analytic continuation of (3.19) consistent with
this expectation is to exponentiate the In (N/L) terms of
(3.19) as

I . S P (27rN) _
WB\1+¢e/\1+¢ A
( 2rN )—&/ 16)[8/(L+DILE/ (1+9)]
A

A similar type of continuation is used by Oono and Koh-
moto in their dynamical RG calculations.!

The introduction of (3.22) into (3.19) produces a
crossover expression for D as a function of both the hy-
drodynamic and excluded volume interactions

+ 0(%) (3.22)

kpT ( 27rN)'li/(1+f)1[(2v<r)—1)/2]
= = + ki +
p="ola+ol ] .
L1l 2
oy GERC R 1+; +@(e)(323)

Further using (3.18) to resum the (In 2 - 5/8) terms gives
D) =

+1 [&/(L+BH 20 ()-1)/2
(8/n)1/29 - (E )( AN_) i Y

[ ]

o (7)(59)]
[1 + %(l—i—g)(l i {)e] +0() (3.24)

This latter resummation from (3.18) implies that the
well-known Gaussian chain limits are recovered?

D(free draining) = kT /nt, £E~0
D(¢ = 0) =
kT 28(2dn)/2r[(d - 1) /2] -
n—z_ 1+ 97rnslI‘(d/2) 5 E <1 (3258)

The £ — « non-free-draining limit is obtained from both
(3.17) and (3.24) as

D{g— =,0) =

kpT T[(d ~1)/2] g,rN)—uz»(r)—l)/zl
1/2
@/ St T/ dw( Y (1 ¥
1.11 e
TEI Tt + 0(e2) (8.25b)

The hydrodynamic radius is written using (3.21) and
(3.24) as a function of { and ¢
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RH(E:{) =

af R\ & (27,-N)[E/(1+E)][(2u(§)—1)/2]

4\ 2 1+:J\ A %
§

I e Y I R

H) =T[2-t4-d)/2(1 + §]/T[3/2- &4 -
d)/2(1 + ][4 - £4 - d) /(1 + HIY* (3.27)

Ry(free draining) = n{/6mn, (3.28)

The dynamical radius Ry is defined to be free from the
complications of draining. From (3.5) and (3.10) it is ob-
tained as

_ 3 T(d/2)(R%)"? (QWN)[%(r)—l]/? .
P74 @dyerpd - 1)/21\ A B
-1‘.-8}'];61 i ¢ + O(%) (3.29)
where Rp(§) = Ry(t — =,0).

Above it is shown that our RG calculations reduce to
those well-known results in the free-draining Gaussian
chain limit. We also obtain the classical non-free-draining
Gaussian chain limit

D(g‘ =0, E — @) =
(84 /n) /25 TT((d - 1) /2] /97ln,T(d /2) (3.30)
RH(g‘zo’é—»oo) =

(3/4)((R*)o/2d)V/*I(d/2) /T[(d - 1)/2] (3.31)

in agreement with the results quoted in Yamakawa? for
d = 3. More generally, the { — 0 limit of (3.24) produces
a new expression for a partial draining Gaussian chain

D(§ = 0,) = (8/n)/*(kgT/9mn )[(¢ + 1) /E1H(®)™
(3.32)
Ru(f = 0,8) = 3/9(R?)o/2)?H@[E/(1 + D] (3.33)

IV. Ratio of the Radius of Gyration to the
Hydrodynamic Radius

Oono and Freed® provide the crossover expression for
the radius of gyration as

Rg= (82 =

2rN \[20-11/ 13 ¢
2 1/2 =2
((R2),/6) ( n ) (1 T s‘) + 0(e)

4.1)

which may be combined with Ry in (3.26) to define the
ratio

F (£, = Ru(§,$) /Re($) =
33)1/2 ¢ (g,rN)-u/u+s>u<2v(r>—1>/21
4 14\ A H@® x
Lif ¢ ¢ 13 ¢
(1 - —s"(rrg)(m) tieeTer |t O
(4.2)

There are two interesting limiting cases of #(£,{) corre-
sponding to non-free-draining chains and chains in good
and O solvents (d = 3)

H(=,0) = 37Y/2/8 = 0.665 (4.3a)
F(w,) = 0.929F(~,0) = 0.618 (4.3b)

Draining in the unperturbed state reduces the ratio #, and
an increase of the excluded volume interaction also de-
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creases . The blob model®? yields Hyop(«,®) = 0.538,
in qualitative agreement with our RG results.

Recent Monte Carlo calculations of Zimm!? and by
Garcia de la Torre et al.!3 show that there is an error due
to preaveraging which is in accerd with the experimentally
observed error for calculated quantities such as the Flory
factors &, ([n]M = (6(S?))*/2®, where [n] is the intrinsic
viscosity) and P, (f/9, = P(6(S?))'/?, where f is the friction
coefficient and 7, is the solvent viscosity). The error is a
function of n for small chains. Following the Monte Carlo
data of Garcia de la Torre et al.,!* we introduce an ad hoc
correction factor A(n) for the hydrodynamic radius. The
corrected hydrodynamic radius, Ry, is written as

Ry¢ = Mn)Ry(Kirkwood) (4.4a)
A(n) = 1/[0.86 + 0.25(n + 1)09] (4.4b)

For long chains this predicts that A(«) = 1.163 and p,° =
1/#H¢ = 1.29 where #,° = AM®)F#(«,0). This is to be
compared with the experimental value of pg = 1.27 £ 0.06
obtained by Schmidt and Burchard,?® p, = 1.25 obtained
by Vrentas,” and pg = 1.28 £ 0.02 obtained by Tsuna-
shima, Nemoto, and Kurata.* Zimm’s!2 Monte Carlo value
is py = 1.28. Alternatively A may be introduced as a
phenomenological correction factor following Vrentas.?®

Assuming the error due to preaveraging is independent
of excluded volume strength, there is a simple way of
avoiding the inaccuracy due to preaveraging that does not
require the introduction of correction factors. The di-
mensionless expansion coefficient should largely have the
preaveraging effect cancel. The hydrodynamic expansion
factor is from (3.26) [see section VIII]

(2xN / A&/ adlo-n/2| 1 -

() ()| o o

V. Approximate Expression for the Intrinsic
Viscosity

RG calculations for the intrinsic viscosity are not
available in the equilibrium-averaged approach pursued
here. Nor are two-parameter theory calculations of [5]
available as a function of draining parameter. If available,
they could be used!® to provide an approximate RG de-
scription of the simultaneous draining and excluded vol-
ume dependence of [5]. Since draining has been believed
by some to be important for [4] in good solutions and by
others to be always unimportant, we utilize the Weill-des
Cloizeaux approximation!*

[nlw-c = RuRc?/M (5.1)

where M is the molecular weight, as a qualitative tool to
probe expected draining effects on [5] before pursuing
more elaborate partial draining, excluded volume de-
pendent calculations of the polymer viscosity. If we regard
(5.1) as a qualitatively useful formula, then crossover ex-
pressions for the intrinsic viscosity expansion factor follow
from (4.1) and (4.5) as

s _ 2x N \[2:(D-11[1+£/2(1+8)] 13 ¢
Cwe

A 961+ ¢

1.11 ¢ £
[1 - “s‘f(l n ;)(m)] +06) 6.2

Iti is noted that in the free- draining limit we have® o,% =

ag® and in the good solvent regime (non-draining) a

ay = Ry/Ryo =
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agd. These results are compatible with the Weill-des
Cloizeaux approximation [see section VIII]. The viscosity
expansion factor a, reduces for non-free-draining to

5 oy o M)amm—wz 13 ¢
Uy (& ) ( A 1 961 + ¢ X
(1 _n £ ) + 0 (5.3)

According to (5.2) a,® is completely insensitive to draining
in the unperturbed state, but this is not necessarily so upon
expansion [see section VIII]. Notice that if the term [1
= 13e£/96(1 + $][1 - 1.11e£/8(1 + ¢)] is expanded to first
order, then we have [1 - 0.274¢{/(1 + ¢)]. In the limit ¢
— o these expressions differ by about 3%. This type of
error arising from the e-expansion is typical.

We introduce? the equations defining P and & for the
general case when these depend on draining and excluded
volume

f= (6<S2>)1/2P(£y§') = GWRHns (5-4)
[n]M = (6(S2))3/2®(£,¢) (5.5)

Using the Weill and des Cloizeaux assumption (5.1) along
with the RG predictions for D = kT/f and (S?), the
crossover expressions for ®(£,)/®(£,{ = 0) and P(£,$}/P(¢,¢
= () are found to be

92N -1/ +)(@(-1)/2]
1+

P /PES=0) = (A

13 ¢ L ¢ ¢
%1‘:‘;)[1“?(17;)(1+;)f]+@(62>
(5.6)

PED/PES=0) = 2,0 /2(EE=0) (5.7)

Equation 5.7 is in qualitative agreement with the data for
®($) /By = B(£ — =,{) /Py(£ — =) summarized in Norisuye
et al.’? and Noda et al.?!

Tanaka®! has strongly criticized the use of the Weill-des
Cloizeaux approximation because it leads to the prediction
(5.7) which “clearly conflicts with experiment”. The ex-
perimental data he refers to is that of Noda et al.,?’ who
find P()/ Py = P(£ — «,{)/Py(¢ — =) to be equal to unity
within experimental uncertainty over the whole range of
the excluded volume interaction. Data of Noda et al.2! for
®($)/ P, suggest that the Weill-des Cloizeaux approxima-
tion incurs an error ranging from 0 to 10% upon going
from a poor to good solvent.

There is not enough evidence, however, to establish the
general phenomenological validity of P/P, ~ 1, which is
in conflict with numerous other experimental and theo-
retical investigations. For example, ter Meer et al.®? find
instead that P/P, is about 0.8 in good solvents and Cowie
and Bywater? observe P/P, to be a monotonically de-
creasing function with excluded volume. Pritchard and
Caroline, Munch et al., and Vidakovic and Rondelez have
also recently noted®® that P/P, varies in a nonuniversal
way with the radius of gyration expansion factor. We point
out, however, that we still believe that Noda et al.’s con-
clusion that P({)/P, ~ 1 is correct for nondraining chains
despite the extensive evidence that this relation is not in
general true. The discrepancy, we believe, is due to the
draining effect, which has formerly been neglected.

Theoretical calculations are also in disagreement with
P/Py ~ 1. For example, in good solvents (an asterisk
denotes an observable in a good solvent) eq 4.3 gives P*/ P,
= 0.93, the blob model? (v = 0.59) and the related Peterlin
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model® (¢ = 2v - 1) yield P*/P; = 0.82 and 0.83, respec-
tively, and the dynamical RG calculation!® of Oono and
Kohmoto implies P*/P, = 0.79. Quite recently, Barrett
obtains P*/P, = 0.92 from a lattice calculation based on
(3.1). Thus if we accept P/P, ~ 1, then we must conclude
that all of these expressions disagree with experiment by
about 7-20%. The 10% errors of the Weill-des Cloizeaux
approximation are thus reasonable given the apparent
crudeness of available theory and experimental data for
P/P,. This approximation is quite adequate, at least, to
describe the qualitative effects of draining on .2 an ob-
servable for which there are reliable data.

VI. Draining Parameter with Excluded Volume

The Kirkwood-Riseman theory in three dimensions with
no excluded volume predicts the diffusion constant D to
be?

D = (kgT/nd(1 + 8(2)*/%h,/3) (6.1)
where the draining parameter is
ho = $n/2/ (12232 ] = ho*nl/? (6.2)

Equation 6.1 is now used to define the quantity h(¢{) for
a theory with excluded volume

D = (kgT/nd[1 + 8(2)Y2h(¢) /3] (8.3)
By comparing (3.23), (3.29), and (6.1), h(¢) is found to be
d2r(d - 1) /2](2N / A) (@01 2172 (1+

h() = 1279T(d/2)
111 ¢
e ) T 0@ 69

with h(9) = h*(On'/?2 and h*(d = 3, { = 0) = hy*. Other
expressions for the draining parameters have been pro-
posed before. For example, in the Zimm-Peterlin scheme
[p 302 of ref 2], hr(2)] is given by

h(y) = [2r1/2/(127r3)1/2](‘g‘-/nsl)n-[(ZV(z)—l)/Z]nl/z (6.5)

where v(z) = (1/2)(d In ag?/d In z) and the z is the well-
known excluded volume parameter. Equation 6.4, based
on the RG analysis, is similar to (6.5).

Osaki et al.!5 apply the bead—spring model to good so-
lutions by empirically varying the hydrodynamic param-
eter h* [defined analogously to (6.3)] to simulate excluded
volume effects in good to moderate solutions. They
thereby use this empirical h*.y, to correlate, albeit in an
ad hoc fashion, the effect of solvent power on the observed
spectrum of viscoelastic relaxation times for linear poly-
mers. Osaki et al.!® observe that a,h*.,, is very insensitive
to solvent condition, a,h* ey, = 0.21 £ 0.02. Our expres-
sions for «, in (6.2) and h({) in (6.4) yield the product
ah*({) in three dimensions

§
*(F) = - *
ah*($) (1 + 0.04721 T g')h" (6.6)
Since h({) is proportional to the dynamical radius, eq (6.6)
is really equivalent to

ah*($) = ho*a,/ap 6.7

whose relative constancy has been noted independently
by Roovers and Toporowski® to hold for comb and star
polymers as well. The identification of h*(¢) and h* .y, is
made on the assumption that in the low-frequency regime
for very long polymers the Kirkwood-Riseman? theory and
Kirkwood equation (1.1) give a good approximation to the
diffusion coefficient calculated from the finite string
bead-spring model used by Osaki et al.
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Equation 6.6 indicates that a,h*.,, should not vary by
more than 5% with a change in the molecular weight,
solvent, or temperature. The observation that h*,,,, does
not change for many polymers suggests that the value of
h*emp for the linear chain is a universal constant having
the value h*.,, ~ 0.21 + 0.02. The theoretical treatment
of the bead-spring model by Osaki® for finite nondraining
linear chains predicts that hy* is a universal constant,
ho*(theory) = 0.25, in good agreement with the data of
Osaki et al. When hy*(theory) is corrected for preaveraging
[see (4.4)], we have hy*¢(theory) = 0.22. The Flory constant
&, is also observed to be insensitive to the molecular weight
over a very large range.? In the Osaki theory (which as-
sumes preaveraging) the value of ®; is a constant if hy*-
(theory) = 0.25, and this is taken as further evidence that
ho*(theory) = 0.25 for a Gaussian chain or equivalently
that Gaussian chains are phenomenologically non-free-
draining.

VII. Comparison with Experiment

The notation in which the RG results are presented is
probably unfamiliar to most polymer scientists. There are
many different equivalent representations of the RG
predictions,' and one exists that is close to that used in
the two-parameter theory. These expressions involve an
empirical quantity Z akin to z of the two-parameter theory
where Z is treated as a phenomenological variable.

The discussion of alternative representations of the RG
theory is involved and is given elsewhere.l® Here we only
consider the results that are easily interpreted. To illus-
trate the notation, consider the radius of gyration expan-
sion factor which we find to be in three dimensions

as? = (1 + 322 /3)Y4(1 - 13X, /96)
A = (322/8)/(1+322/8), 2<0.15 (7.1)
ag? = 1.712%%72, 3> 0.75 (7.2)

where 2(d = 3) = (3/4)u(27N/A)/?and (2v - 1) = [¢/8 +
(15/4)(¢/8)% + ...]4=3 = 0.1836. There is a more general
expression for the regime z & (0.15, 0.75), but (7.1) may
be regarded as an approximate expression in this regime.
The determination of Z from experimental data is the same
as that used by Miyaki and Fujita® and is discussed below.

The RG hydrodynamic radius (3.26) can be converted
in this notation to

ay =
(1 + 32z/3)4/80+8[1 - 0.139\,¢ /(1 + §)], <015
(7.3)
ay =
(6.441z)01836(/A+81[1 - 0.139¢ /(1 + §)], £=075
(7.4)
which becomes in the non-free-draining limit
aH(E — oo) =ap =
(1 + 32z/3)Y/8[1 - 0.1397], Z<0.15 (7.5)
ay = 1.212018% z20.75 (7.6)

Using the Weill-des Cloizeaux approximation!4 (5.1), the

z form of (4.1), (7.5), and (7.6) yields the viscosity expan-

sion factor

0ty o2~ (1 + 322/3)1/4+4/80+0(1 + 0,135\, X
[1-0.1398\, /(1 + 8], 2<0.15 (1.7)

Uy (§ = @) =
(1 + 322/3)%3(1 - 0.185A)(1 - 0.1397y), 2 <0.15

(7.8)

a,3(¢ — =) ~ 208205508 Z2=20.075 (7.9)
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Figure 1. Relation between as? and the phenomenological ex-
cluded volume parameter z(T, M) « TM'/2, The experimental data
in the figure are reproduced from ref 28. Theoretical predictions
are denoted by lines. The dashed curve is the Yamakawa—Tanaka
equation,? the dot-dash curve is the Domb-Barrett equation,?
the large and small dashed line is the “old” Flory equation, the
double-dot—-dashed line is our RG prediction in eq 7.1, and the
solid line is the Domb-Barrett equation.*® The large unfilled
circles are for PS (polystyrene) in benzene; the bottom-half-filled
circles are for PIB (polyisobutylene) in n-heptane.

In this approximation the ratio #(£ — «)/®, is obtained
as

Bt — w) /&, ~1-0071\;, Z<0.15 (7.10)

It is important when making a comparison with exper-
iment that the definition of the empirical z variable is
self-consistent with the theoretical Z variable theory. In
the work of Miyaki and Fujita®” z is determined by as-
suming validity of the Domb—Barrett equation, which is
numerically very similar to (7.1) and (7.2). They find 2
is accurately described by the phenomenological variable
Zemp = cTM'/2, where c is a constant, r = (T - 0)/T, and
O is the theta temperature. To make the relation to our
Z we merely rescale the phenomenological z in their em-
pirical og® — Zeyp plot until the ag? — 2, and ag? = Zipeory
(RG) plots match in terms of a best fit. If the fit is very
good as in the case of the data of Miyake and Fujita®” and
of Miyaki, Einaga, and Fujita,® then a reasonable com-
parison with experiment can be made.

Figure 1 presents our expression for ag?(Z) along with
the experimental data of Miyaki and Fujita where Z =
HZpyjita 0d ¢ = 0.906. The intrinsic viscosity expansion
factor is plotted in Figure 2 against the same phenome-
nological zp,;, as used in the radius of gyration factor in
Figure 1. Substituting Z = uzpy, into (7.8) and (7.9) gives
a,® in terms of zpy, = 2(T,M).

Our agreement with experiment may, however, be for-
tuitous in the case of «,® and could be due to a cancellation
of errors between the RG and Weill-des Cloizeaux ap-
proximations. In another paper!® we show how the tra-
ditional TP theory calculations? may be converted ap-
proximately to the RG representation in terms of Z where
the expanded RG representation agrees with the TP cal-
culations to first order? in Z. In this case we obtain for ag?,
ag(f — @), and a,3(§ — =) the following:

ag? = (1 + 322/3)V/41 - 0.130),), 2z <0.15
=1+ 1.282 + 0(z?) (7.11)
ag? = 1.72z03672, z220.75
ay(f — =) = (1 + 32z/3)/8(1 - 0.068\,), 2z<=<0.15
=1+ 0.609z2 + 0(z? (7.12)
ay(f — =) = 1.312%186 7 — (.75
o (f — @) = (1 + 322/3)%%(1 - 0.276))), 2<0.15
=1+ 1062 + 0(z% (7.13)
a3 — =) = 2.022°%508 7 > Q.75
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Figure 2. The large unfilled circles and the circles with a cross
are for PIB in cyclohexane at 25 °C.%® Those with a circle and
a bar are for PIB in n-heptane at 25 °C; the small filled circles
are for PIB in JAIV at different temperatures. Figure 2 is re-
produced from ref 28 with our approximate expression for e, from
eq 7.8 and 7.9 superimposed. The light lines are a best linear fit
to data, and the vertical dashed lines denote the crossover regime
z € (0.15, 0.75).

where the calculation of ,® does not assume the Weill-des
Cloizeaux approximation. It is noted that the RG ex-
pressions for ag? and a,,3(§' — ) given in (7.1) to (7.9) are
very close to the corresponding expressions (7.11) to (7.13).
There is, however, a discrepancy between ay(¢é — «) as
calculated directly from the e-expansions (7.3) to (7.4) or
from the combination of TP and RG theories in (5.9).
Some experimental evidence by Noda et al.”! indicates that
ag = ay(é — =) to within experimental uncertainty, sug-
gesting that the expression based on RG with the coeffi-
cient determined from the two-parameter calculation and
the Kirkwood theory? (7.12) is more accurate than the
e-expansion RG calculation of this paper. The origin of
this discrepancy is probably the e-expansion procedure. It
is a simple matter to correct the suspected error in (7.3)
and (7.4) by replacing the prefactor coefficient —0.139 in
these expressions by the more reliable value —0.068 from
(7.12). The expansion factor a,}(§ — =) obtained from the
Weill-des Cloizeaux approximation (7.8) to (7.9) may also
be corrected, but in this case the correction is very small.
These tiny refinements are really not relevant to the main
issue we wish to consider—the qualitative effect of
draining on hydrodynamic properties.

VIII. Draining

The draining effect adds a new dimension of complica-
tion to the description of dynamic properties. It is com-
monly observed that approximate theories for non-free-
draining chains are in fair agreement with experiment for
long flexible polymers in © solvents and it is often assumed
that, since 6 chains display this behavior, the same should
be true of swollen chains. The non-free-draining character
of a © chain is not surprising since the polymer forms a
relatively dense coil. However, upon expansion it is in-
tuitively expected that the solvent begins to stream more
through the outer sheath of the polymer, possibly pro-
ducing a draining effect that should manifest itself by
making the exponent o of a,® ~ M less than 3(2v - 1)/2
in good solvents. Here v is the exponent for the radius of
gyration, (S%) « M?. It is commonly observed that ¢ <
3(2v — 1)/2 in good solvents, in agreement with our ex-
pectations, but the difficulty is how to theoretically account
for it.

The draining and excluded volume interaction param-
eters cannot be taken as independent of each other on
basic physical considerations. This is assumed in eq 4.5
implicitly in the definition of the hydrodynamic expansion
factor. More properly, if we allow the draining parameter
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of a Gaussian chain to be different from that of a swollen
chain, we have

_ g/ + HIHE) (27|-N)(E/(1+E))[2v(§')—1]/2
0= T/ (L + E)IHE)

A
%(I—i—f)(l i g,)e] + 0(d) (8.1)

where £, = £({ = 0) is the draining parameter for an un-
perturbed chain.

A reasonable assumption may be introduced to simplify
this expression. From the experimental observation of
non-free-draining behavior for Gaussian coils we introduce
the assumption & — « to obtain

=[t/1+
HE)(4 - 9VT(2 - ¢/2) (2,,N)(é/(ns»[(zv(n—l/z]
T(3/2 - ¢/2) A 1-

1.11 £ §
()] o

We can then make some rough considerations concerning
the phenomenological dependence of the draining param-
eter £ and excluded volume parameter {. From the defi-
nition of these parameters in (3.14) and (3.20) both should
be proportional to M'/2 in three dimensions. Thus, an
increase in the molecular weight should bring about an
increase in the draining and excluded volume parameters.

In other paper!! we show that { is proportional to the
z parameter of the conventional two-parameter theory. As
mentioned in the preceding section z is often taken to have
the phenomenological dependence® z « rM'/? in three
dimensions. It is reasonable to assume as a heuristic guess
that the draining is inversely proportional to the strength
of the interaction parameter 8 or £ « (1/7)M'/2 This
assumption is in accord with the observed insensitivity of
Gaussian chains to draining and the assumption £, — .
It is noted that the sensitivity of a particular polymer to
draining is dependent on the nonuniversal constant of
proportionality.

Next, if we write (8.2) in the Z notation and employ the
Weill-des Cloizeaux approximation, we have equations
(7.3), (7.4), and (7.7) with the extra draining factor

F) = ¢E/A+)HE/H(E — ) (8.3)

The qualitative prediction, based on our assumed pheno-
menological dependence of £, is that non-free-draining
would be observed in the near-Gaussian regime Z < 0.15
and in the excluded volume crossover regime z & (0.15,
0.75) where the polymer is relatively dense and 7 is small.
For the good solvent regime z 2 0.75, where the swelling
of the coil first becomes substantial, a splitting in the o,
vs. 2 plot is predicted where all phenomenological data for
draining chains must lie below the asymptotic non-free-
draining curve given by § — «. The expected splitting
pattern is apparent in Figure 2. Our naive description
should be extended to a more quantitative one and is given
only to be suggestive of a more precise description. This
type of analysis offers great promise in elucidating the
effect of draining on hydrodynamic properties.

IX. Conclusion

The theoretical description of hydrodynamic properties
of long flexible linear polymers, even in the simplest case
of infinite dilution and unperturbed chains, is inadequate,
and only approximate theories are available. We give a
theoretical expression for the hydrodynamic radius based
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on the Kirkwood equation (1.1) and a further RG moti-
vated analytic continuation that does not assume the
non-free-draining limit. The starting point of our calcu-
lation is the static-coherent-scattering function as obtained
with the renormalization group in conjunction with the
two-parameter model. Our results for the unperturbed
state reduce to well-known expressions for free-draining
and non-free-draining chains, so that our theory provides
an extension of this approximate theory for Gaussian
chains. New expressions are obtained that describe the
crossover in the hydrodynamic and excluded volume in-
teractions. It is stressed that this is done without intro-
ducing dynamical renormalization group methods and
therefore at the expense of being confined to the preav-
eraging approximation.

We then apply our approximate expressions to discuss
the constancy of a,h*, where h* is a phenomenological
draining parameter in the finite string bead—spring model.
In order to probe the draining dependence of a3, we utilize
an approximation due to Weill and des Cloizeaux to obtain
a qualitatively correct RG expression for a,3. The observed
splitting of the phenomenologlcal O ~Zemp plot of Miyaki
and Fujita is also discussed in terms ‘of the draining effect.
It is found that the theoretical o,® ~Zemp plot based on the
Weill-des Cloizeaux approx1mat10n is In good agreement
with experiment, and the small splitting in the a,~zy,, plot
is in qualitative accord with our theoretical expression that
includes the effect of partial draining. Thus, although our
calculations are approximate, they are capable of de-
scribing some of the essential features of the dependence
of hydrodynamic properties on draining and the excluded
volume interaction.
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Appendix A. Evaluation of the Integral (3.10)

Using the definitions of S(k,N,u,L) and 8 given in (3.8),

eq 3.10 is rewritten as
I=L+L-n2wWI+ 1+ 1, + I) (A1)

where

= (n/N')2J;mN?-SO(6) dk = IE% [n2/(2nl)1/2] %
x1/%(2n)3/2

317
(A.2)

j;mexp(—sﬁ)[l/ﬁs/z +(e?-1)/8%%d8 =

© 27N
= (n/N)2f0 ~uIn (T)[ %s(ﬁ)]
(2niB) Y2 dgB = (@ /3)(n/2m)*/2 /2 In (2xN/A) (A.3)

and the remaining integrals are subsequently considered.
The whole integral (A.2) converges, but individual terms
are undefined. The extra lim,_., [exp(-sB8)] factor has been
introduced to enable us to consider these individual terms
separately and to use results from the theory of Laplace
transforms. The third integral in (A.1) is

Ia—zf f{ —-= A(ﬁt+6t2)—

[ 1 - exp[t(l - )] ]} it b (Ad)
B*(1 - t)

Integrating (A.4) by parts with respect to k, interchanging
the order integration, and letting « = 8t(1 — t) gives
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1 “$1 1 -1
13-2j;£{[ - —1]t(1—2t)+

tL- o) }(e_aa‘ 1 )[2nlat(1 — ]2 da dt

a

Using the same method of introducing lim, ., [exp(-st)]
in I yields

Iy = (-17/24)x%2/(2nl)1/? (A.5)
The integral I, is defined by
o Al
= 2,8 A(G — 2
I, 2j; j;ﬁ‘e AB-Bt+ ) dt dk  (A.6)
Upon integrating parts with respect to k£ and performing

trivial integrations, it is converted to the form I, = I,/ +
I, where

(-2 - 912 - [t - O]
= ﬂ [1-t(1 - t)](2n])1/2 dt  (A7a)
=2 [ePA@)/6%7 48 A8

The integral 1,/ is best evaluated by splitting the interval
(0, 1) in half and letting u = 4t(1 - t) to obtain

I/ = [742/3(2nl)1/?] x

ua/z(l u) 1/2 1 1u3(1 _ u)1/2
f _= f " du} (A7b)
8 0 u-4

The first of these integrals is found by standard hyper-
geometric function recursion relations?! to equal

1u3/2(1 _ u)1/2 1
f —————— du =~-B®h, %) JF1(1, Yo 4 V) =
0 u-4 3

_r _q1/n2 _ _ al/2
48[102(2 31/2)2 — 8(2 - 3V9)]

The second hypergeometric integral is likewise evaluated
and combined with the preceding to give

[136(3)Y/2 - 3497 , 1496

/= 1/2
I/ = (= /2nl) = 5 (A.9)
I is evaluated together with I,” as
I+ I;=
-8 2 -8 —8
§ a6 + eta@) /8 + /8] ——— g A0
The terms in this integral are special cases of
J(@) = @iy [Tesgea@) 4 (Adla)
We introduce the identity
o= [ oBrin2a-l
T(a) /28 fo P2l g (A.11b)

to convert J(«) into
J) = [2/T(a)] j; " a1 fo Ter18A(8) dB dr  (A.1lc)

Integrating by parts with respect to 8 and using the def-
inition of the Laplace transform gives

J(a) = [2/T()] f ,za-le(s =1+r)dr (Alld)
0 1+r

Diffusion Coefficient of Flexible Polymers 2363

F(s) = .c{e: 1

Thus J(«) is equal to

r2a— r2
J(a) = [~ 2a/I‘(a)]f 5 2 T+ 2 dr

which is converted by the change in variables » = r?/(1 +
r?) to

J(a) = T )f pBI(L - ) dy ]M=

1
"T(a) sin (7r jW@) + 4] (Alle)

where 4 is Euler’s constant and y is the psi function. Thus,
our integral I,”” + I; is found to be

14 +121n 2
14”+I5=(§1'n—l) -1 )(-——5——“—) (A.12)

The last integral is very similar to 5 and is given by

= 11 exp[-Bt(1 - ¢)]
Is'ﬁﬁﬁﬂ—t){” }d dk =

B +t)
Appendix B

where

} =1n [s/(1 -3)]

1/2 27
(2 l) 3 (A.13)

The question of whether D, (eq 1.1) invoives a preav-
eraging approximation depends on whether it is used to
approximate the long-time D or short-time D, diffusion
coefficients. Dubois-Violette and de Gennes note*? that
the two do not coincide due to deformation of the chain
during diffusion. If D, is identified with D, there is no
preaveraging correction since there is no time for large-
scale fluctuations in the short-time limit. On the other
hand, if D; is identified with the long-time diffusion
coefficient, the quantity actually measured experimentally,
there is definitely a preaveraging approximation.

The problem then is how large is the preaveraging error.
Fixman* first estimated the error to be on the order of
2%, Akcasu® has estimated 8%, and Zimm!? and Garcia
de la Torre!? et al. have estimated a 15% error for very
long chains. The Zimm and Garcia de la Torre estimates
appear to be in the best accord with experiment;® however,
the question is still being actively investigated.
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